In this paper we introduce the notion of algebra of quotients of a Lie algebra. Properties such as semiprimeness, primeness or nondegeneracy can be lifted from a Lie algebra to its algebras of quotients. We construct a maximal algebra of quotients for every semiprime Lie algebra and give a Passman-like characterization of this (unique) maximal algebra of quotients. c 2003 Elsevier B.V. All rights reserved.
Introduction
The notion of ring of quotients has played an important role in the development of the theories of associative and commutative rings. In the associative case, the notion of general left quotient ring was introduced by Utumi in 1956 (see [9] ). In his paper Utumi proved that every associative ring R without nonzero elements annihilating R on the right-hand side has a maximal left quotient ring Q l max (R) and constructed it. Maximal in the sense that every left quotient ring of R can be included in Q l max (R) via a monomorphism which is the identity when restricted to R.
Our aim is to introduce the notion of algebra of quotients of a Lie algebra, study its properties and construct a maximal algebra of quotients of a semiprime Lie algebra. We follow Utumi's pattern but we cannot work as in the associative setting.
In the associative case, dense left ideals of the associative ring R and homomorphisms of left R-modules will provide the way to obtain Q l max (R). In the Lie case, essential ideals and partial derivations will do the work. The idea of considering partial derivations appears in Martinez's paper [7] , where the author uses Lie algebras to give an Ore condition for a Jordan algebra to have a classical algebra of quotients.
In the preliminaries, containing basic deÿnitions and properties of Lie algebras, we study some facts concerning the center of an associative algebra and the center of a left quotient algebra of it. Section 2 is devoted to the notion of algebra of quotients of a Lie algebra, introduced by following the associative pattern, and characterized in terms of ideals with zero annihilator. We show that if L is a semiprime, prime or nondegenerate Lie algebra then every algebra of quotients is semiprime, prime or nondegenerate, respectively. Our proof of nondegeneracy needs two and three-torsion freedom. Associative algebras supply us with examples of Lie algebras of quotients. In the third section, we construct the maximal algebra of quotients of every semiprime Lie algebra and characterized it. Finally, we show that every semisimple Lie algebra is its own maximal algebra of quotients.
Preliminaries
In this paper we will deal with Lie algebras over an arbitrary unital and commutative ring of scalars . First of all we will give some deÿnitions and basic notation.
A for every x; y; z ∈ L.
Every associative algebra S gives rise to a Lie algebra S (−) by considering the same module structure and product given by [x; y] = xy − yx.
A Lie algebra L is said to be semiprime if for every nonzero ideal I of L, I 2 = 0 (I 2 := [I; I ]). In other words, L has no abelian ideals. Any element x of a Lie algebra L determines a map ad x : L → L deÿned by ad x(y) = [x; y], which is a derivation of the Lie algebra L. An element x ∈ L is an absolute zero divisor if (ad x) 2 = 0 (equivalently [[L; x]; x] = 0). The element x is said to be a sandwich of L of thickness r if the identities ad x ad y 1 : : : ad y k ad x = 0, with y 1 ; : : : ; y k ∈ L are satisÿed for k = 0; : : : ; r, but ad x ad z 1 : : : ad z r+1 ad x = 0 for some z 1 ; : : : ; z r+1 ∈ L. For r ≤ 1 we speak of a thin sandwich. By [4, Proposition 1.5.2], if is two torsion free, the concepts of absolute zero divisor and thin sandwich are the same for a Lie algebra L. The algebra L is said to be nondegenerate (strongly nondegenerate in terms of Kostrikin) if it does not contain nonzero absolute zero divisors. Semiprime Lie algebras may be degenerate. For an example of a semiprime degenerate Lie algebra see, for instance, [2, (0.3) ].
For a subset X of a Lie algebra L recall that the set
is called the annihilator of X . This will be denoted by Ann L (X ) when it is necessary to emphasize the dependence on L. It is easy to check (by using the Jacobi identity) that Ann(X ) is an ideal of L when X is an ideal of L.
Remark 1.1. For a Lie algebra L we have:
The converses are not true. 
To see that the converses are not true, consider the R-algebra A (−) , where
Then Ann(A (−) ) = 0 while
is a nilpotent ideal of A (−) . Finally, that semiprimeness does not imply nondegeneracy has been previously shown.
Every Lie algebra L (over ) satisÿes that ad L = {ad x | x ∈ L} generates an associative algebra A(L) over whose elements are -linear combinations of all products ad x 1 ad x 2 : : : ad x n ;
where juxtaposition means the usual composition of endomorphisms. If Ann(L) = 0, then the map p → ad p is a monomorphism of Lie algebras from L into A(L) (−) . We shall make use of this fact.
An ideal I of a Lie algebra L is said to be essential if every nonzero ideal of L hits I (I ∩ J = 0 for every nonzero ideal J of L). Essential ideals in semiprime Lie algebras can be characterized in terms of their annihilators. Recall that an associative algebra S is said to be a left quotient algebra of a subalgebra A if given p; q ∈ S, with p = 0, there exists x ∈ A such that xp = 0 and xq ∈ A. Right quotient algebras are deÿned similarly. An associative algebra A has a left quotient algebra if and only if it has no total right zero divisors di erent from zero (x in A is said to be a total right zero divisor if Ax = 0).
The center of an associative algebra A, denoted by Z(A), is just the annihilator of the Lie algebra A (−) . A left ideal I of A is said to be dense in A if A is a left quotient algebra of I . Lemma 1.3. Let A be a subalgebra of an associative algebra S, and suppose that S is a left quotient algebra of A. 
Algebras of quotients of a Lie algebra
Inspired by the notion of ring of quotients for associative rings given by Utumi in 1956 (see [9] ) we introduce the notion of algebra of quotients of a Lie algebra.
Let L and Q be Lie algebras, with L ⊆ Q. For any q ∈ Q we denote by L (q) the linear span in Q of q and the elements of the form ad x 1 : : : ad x n q; with n ∈ N and x 1 ; : : : ; x n ∈ L. In particular, if q ∈ L, L (q) denotes the ideal of L generated by q. Deÿnition 2.1. Let L be a subalgebra of a Lie algebra Q. We will say that Q is an algebra of quotients of L if given p; q ∈ Q, with p = 0, there exists
The algebra L will be called a subalgebra of quotients of Q.
Remark 2.3. Every Lie algebra L without nonzero total zero divisors (equivalently Ann(L) = 0) is an algebra of quotients of itself and, conversely, if L has an algebra of quotients then Ann(L) = 0.
Since every associative algebra S gives rise to a Lie algebra S (−) , it is natural to ask about the relation between S being a left (or right) algebra of quotients of A and S (−) being an algebra of quotients of A (−) . We will return to this question at the end of this section. The following result shows how certain properties of a Lie algebra L are inherited by each algebra of quotients Q. In fact, we just need a weaker condition on Q.
Deÿnition 2.5. An overalgebra Q of a Lie algebra L is said to be a weak algebra of quotients of L if for every nonzero element q ∈ Q there exists x ∈ L such that 0 = [x; q] ∈ L. Remark 2.6. Every algebra of quotients of a Lie algebra L is a weak algebra of quotients. The converse is not true.
Indeed, consider the C-module P of all polynomials m r=0 r x r , with i ∈ C and m ∈ N. Denote by : C → C the complex conjugation. Then the following product makes P into a Lie algebra: Let Q be the Lie algebra P=I , where I denotes the ideal of P consisting of all polynomials whose ÿrst nonzero term has degree at least 4, and let L be the following subalgebra of Q:
where y denotes the class of an element y ∈ P in P=I . Then Q is a weak algebra of
Proposition 2.7. Let Q be a weak algebra of quotients of a subalgebra L.
is two and three-torsion free and L is nondegenerate, then Q is nondegenerate. F.2) and (F.3) ).
Moreover (F.13) 0 = qa 2 ql 2 q + ql 2 qa 2 q + 4qalqalq for every a; l ∈ Q. Substitute in (F.12) u and l by a, and t and p by l. 0=qa 2 ql 2 q+qalqlaq+qalqlaq+qalqlaq+qalqlaq+ql 2 qa 2 q= (by (F.4)) qa 2 ql 2 q+ ql 2 qa 2 q + 4qalqalq. Substitute in (F.12) u; l; t by a, and p by l. 0=qa 2 qalq+qalqa 2 q+qa 2 qlaq+qalqa 2 q+qa 2 qlaq+qlaqa 2 q= (by (F.4)) 3qa 2 qalq+ 3qalqa 2 q. Since Q is three-torsion free, (F.14) qa 2 qalq + qalqa 2 q = 0 for every a; l ∈ Q. Take l = a in (F.14) and use that Q is two torsion-free. (F.15) qa 2 qa 2 q = 0 for every a ∈ Q. Multiply (F.13) by qa 2 on the left hand side and apply (F.15). (F.16) 0 = qa 2 ql 2 qa 2 q + 4qa 2 qalqalq for every a; l ∈ Q. Apply that Q is a weak algebra of quotients of L and consider a ∈ L such that x := [a; q] ∈ L. The element = [x; [x; a]] ∈ L satisÿes: 2 = (by (F.10)) (−3qa 2 qa − 3aqa 2 q + 2qa 3 q) 2 = 0 by (F.2), (F.3) and (F.15). Since L has no absolute zero divisors, = 0, that is, −3qa 2 qa − 3aqa 2 q + 2qa 3 q = 0, and if we multiply by yq on the right hand side, for every y ∈ Q, 0 = −3qa 2 qayq − 3aqa 2 qyq + 2qa 3 qyq= (by (F.3)) −3qa 2 qayq.
Since is three-torsion free, (F.17) qa 2 qayq = 0 for every y ∈ Q. For every y ∈ L we have that v = [x; [x; y]] ∈ L satisÿes v 2 = (by (F.11)) x 2 y 2 x 2 = (by (F.5)) qa 2 qy 2 qa 2 q= (by (F.16)) = − 4qa 2 qayqayq = 0 by (F.17), but L has no absolute zero divisors. This implies v = 0. Apply again the absence of sandwich elements in L to obtain x = 0. Since Q is a weak algebra of quotients of L, q = 0 and hence Q must be nondegenerate. Deÿnition 2.8. Let L be a subalgebra of a Lie algebra Q. For any q ∈ Q we deÿne
The following deÿnition has been inspired by that of [1, (0.4)].
Deÿnition 2.9. Let L be a subalgebra of a Lie algebra Q. We say that Q is ideally absorbed into L if for every nonzero element q ∈ Q there exists an ideal I of L with Ann
It is immediate to see that if Q is ideally absorbed into L then Q is a weak algebra of quotients of L. Lemma 2.10. Let L be a subalgebra of a Lie algebra Q, and consider q ∈ Q.
Proof. (i) follows immediately by using the Jacobi identity.
(ii) First, we will prove that (L : q) is an essential ideal of L. Let I be a nonzero ideal of L. Take 0 = y ∈ I . Apply that Q is an algebra of quotients of L to ÿnd
(iii) Consider an ideal I of L with Ann L (I ) = 0 such that [I; q] ⊆ L. We are going to see I ⊆ (L : q), in which case Ann L ((L : q)) ⊆ Ann L (I ) = 0 and our proof will be complete.
We claim [I; ad x 1 : : : ad x n q] ⊆ L for every x 1 ; : : : ; x n ∈ L, with n ∈ N. We will prove it by induction on n. Clearly, given I; J ∈ I e (L) we have I ∩J ∈ I e (L). If L is semiprime, then I 2 ∈ I e (L).
Lemma 2.13. Let L be a semiprime Lie algebra and Q an algebra of quotients of L. Then for every essential ideal I of L we have that Q is an algebra of quotients of I .
Proof. Consider p; q ∈ Q, with p = 0. By (2.10) (ii), (L : 
Being a left quotient algebra of an associative algebra A can be characterized by using left ideals of A with zero right annihilator. Recall that for a subset X of an associative algebra A, the right annihilator of X in A is written and deÿned as follows: ran A (X ) = {a ∈ A | xa = 0 for every x ∈ X }: Lemma 2.14. Let A be a subalgebra of an associative algebra Q. Then Q is a left quotient algebra of A if and only if for every nonzero element q ∈ Q there exists a left ideal I of A with ran A (I ) = 0 such that 0 = Iq ⊆ A. Conversely, consider p; q ∈ Q with p = 0. By the hypothesis there exists a left ideal I of A with ran A (I )=0 such that 0 = Ip ⊆ A. Consider yp = 0, with y ∈ I . If Iq=0 we have found y ∈ A satisfying yp = 0 and yq ∈ A. If yq = 0, apply again the hypothesis and consider a left ideal J of A with ran A (J ) = 0 and such that 0 = Jyq ⊆ A. Then zyp = 0 for some z ∈ J (because 0 = yp ∈ A and ran A (J ) = 0) and zyq ∈ Jyq ⊆ A. This proves that Q is a left quotient algebra of A.
For a Lie algebra L, the notion of algebra of quotients can be expressed in terms of ideals of L with zero annihilator. Proposition 2.15. Let L be a subalgebra of a Lie algebra Q. Then Q is an algebra of quotients of L if and Q is ideally absorbed into L.
Proof. Suppose Q an algebra of quotients of L and consider 0 = q ∈ Q. By (2.10) (i) and (ii), (L : q) is an ideal of L with zero annihilator in L. By (2.11) this implies Ann Q (L :
Conversely, suppose that Q is ideally absorbed into L. Take p; q ∈ Q, with p = 0. By (2.10) (iii), Ann L ((L : q))=0 and by (2.11), Ann Q ((L : q))=0. Hence [(L : q); p] = 0, which shows that Q is an algebra of quotients of L.
The following result provides some examples of algebras of quotients of Lie algebras. Let A be a semiprime associative algebra and denote by Q s (A) its Martindale symmetric algebra of quotients. is an algebra of quotients of A (−) but S is not an algebra of quotients of A. Consider, for example, S = A the associative algebra given in (1.1).
The maximal algebra of quotients of a semiprime Lie algebra
In this section we will construct a maximal algebra of quotients for every semi-prime Lie algebra L. Maximal in the sense that every algebra of quotients of L can be considered inside this maximal algebra of quotients via a monomorphism which restricted to L is the identity. Theorem 3.4. Let L be a semiprime Lie algebra, and let Q := Q(L) be as in (3.3) . Deÿne the following maps:
Then Q, with these operations, is a Lie algebra containing L as a subalgebra, via the Lie monomorphism
Proof. The more "di cult" point in proving that Q is a Lie algebra is to see that the Lie bracket is well deÿned on Q. Indeed, given I ; J ∈ Q, for every z; t 
Finally, it is easy to check that ' deÿnes a homomorphism of Lie algebras. The injectivity of ' follows since ad x L = 0 for some x ∈ L means [x; L] = 0 and hence x ∈ Ann(L), which is zero by the semiprimeness of L and (1.1).
For any X ⊆ L, write X ' to denote the image of X inside Q(L) via the monomorphism ' deÿned in (3.4). 
Proof. 
The maximallity of the algebra of quotients constructed in (3.4) is shown in the next result. Proposition 3.6. Let L be a semiprime Lie algebra. Then Q(L) is semiprime and an algebra of quotients of L. Moreover, Q(L) is maximal among the algebras of quotients of L, in the sense that if S is an algebra of quotients of L, then there exists a Lie monomorphism : S → Q(L) which is the identity on L. In particular, the map
is a monomorphism of Lie algebras which is the identity when restricted to L.
Proof. Take I ; I ∈ Q(L), with I = 0 (we can consider the same I for and because if J; K ∈ I e (L) were such that :
and so J = I and K = I ). Choose a ∈ I such that a = 0. Then ad a L ∈ L ' satisÿes: [ I ; ad a L ]= (by (3.5)) ad a L = 0 (for every ideal P ∈ I e (L); [ a; P] = 0 implies a ∈ Ann(P) = 0 by the semiprimeness of L and (1.2) (ii)) and for every I ∈ '
The semiprimeness follows by condition (ii) in (2.7). Now suppose S is an algebra of quotients of L and consider the map
By (2.10) (ii), is well deÿned. Moreover, is a Lie homomorphism. To prove the injectivity, suppose s ∈ S such that (s)=0, that is,
By the semiprimeness of L and (1.2) (ii), Ann L (K) = 0= (by (2.11)) Ann S (K). This implies s = 0.
Deÿnition 3.7. For a semiprime Lie algebra L, the algebra constructed in (3.4) will be called the maximal algebra of quotients of L. Denote it by Q m (L).
The axiomatic characterization of the Martindale ring of quotients given by D. Passman in [8] has inspired us to give the following description of the maximal algebra of quotients of a semiprime Lie algebra. The map is injective (if ad s I = 0 for some s ∈ S, by (ii), s = 0) and surjective (consider I ∈ Q(L); by (iii), there exists s ∈ S such that x = ad s(x) for every x ∈ I , hence I = (s)). Finally, is the identity on L, by identifying L with L ' , where ' is the map deÿned in (3.4).
Conversely, we will prove that Q(L) satisÿes the three conditions. (i) Consider q ∈ Q(L). By (3.6) and (2.10) (ii), (L : q) ∈ I e (L) and, by the deÿnition, [(L : q); q] ⊆ L.
(ii) Take q ∈ Q(L) and I ∈ I e (L) such that [I; q] = 0. Then q ∈ Ann Q(L) (I ) = 0 by (3.6) and (2.11).
(iii) Given I ' ∈ I e (L ' ) and ∈ PDer(I ' ; L ' ), : I ' → L ' , we have to ÿnd q ∈ Q(L) such that for every Finally, we compute the maximal algebra of quotients of a semisimple Lie algebra, where by a semisimple Lie algebra we understand a Lie algebra with zero radical (see, for example, [3] ).
Denote by Der(L) the Lie algebra of all derivations of a Lie algebra L. 
